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The concern ot this paper is vith techniques for 
inproving the understandability of statistics textbooks for novices* 
Onder^tand^ility is ieasured by tests of the reader '"s performance oa 
creative transfer prol^p-^ns that req.uire qsing text aaterial in npvel 
situations. The focus is priiarily on the instructional objective of 
conceptual understanding. Techniques used for its achieveaent 
include: presentation of prerequisite inforiation; use of faailiar 
■odeis ^and lanip^lativea: sequencing froa faiil^aCrto-for&al; ^ 
incorporating adjunct questions that encourage active proc'assing; 
using vorked out'exaaples to ^each strategies; and^ providing explicit 
.training in representation and categorization of p^pblea?. 
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IMs pi^er Ifi concerned with techniques fof increasing the imder- 
Btandablllty of statistics textbooks. The paper JTociises on six major issues: 
(l) p^sentation of prerequisite information, (2) use of faolliar modela and 
BjanlpiBA^ves, (3),»equenclng froia faialliaj>-to-formal, ik) incorporating 
adjmiby questions that encourage* active processing, (5) using worked out 
examples t</ teach stra^gi^s, and (6) providing explicit training in represen- 
tation ^and categorltatioii of prdblema. For each isstie, an explanation, exoo^le, 
and ratd^ona^e'lj provided. 
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$rxppoae you um^ti going, to write a textbook action to teacl^the concept of 
Mnooial probability, ka ehom in Table 1. Suppose yon vanted to teach in such 
a way that the reader vould ^ able to use the inforaation in new situations. 
. i.e. BO that there vould be "transfer of training." Hox should you- design the 
^ textbook lesson to best achieve your goal of Conceptual understanding of the 
poncept of binomial p^bability? » ' ^ 

The .aW exainple inotivates the present paper. . This paper is concerned 
with techniques for ioprovijig the understandability of statistics textbooks for 
- novices. Understandability is measured by tests of the reader's performance on 
creative transfer problens thaj^ require using the material from the text in novel 
situations.. 

The goal of this paper is restricted in several vays., Pirst. jtlr^esign of 
a good statistics' textbook involves decisions concerning both content (i.e. 
"what^tA teach") and.instrucUonal methods (i.e. >v to teach"). In liglit^f 
the distin^Bhed statisticians in attendance at this symposium, I feel It v6uld 
'be presumptuous of me to make rec^poendations copcemlng curriculum. Ibus, I 
have-decided to restrict this paper only to the latter issue-instructional' • 
desic^.of statistics textbooks. . 

^ ^ ^Second this paper is rei^tricted in terms of the iwtructW objectives 
it addresses.- A statistics textbook 'writer ( or user) maj^ haVe s^eral different 
kinds of objectives in mind, including: " , ' « v 

^ proc^ural akm^ niis objective involves teaching students how to 'use 
formulas an* procedures In order to coopute a'cq^ect numeric'al 
ansverr. The go^ is follow a procedure and to "get the right answer." 
• conceptual unde:«st.and1nff- 1hls objective involves relatiiig the co^utation^ 
•procedure to other basic knowledge that' #he Reamer already possess. 
The goal ia to "understand vhat you are doing." -A student vho has • 



related tl»e procedure to' his ow> existing knowledge should be able^ 
to aiisvcr questions Involving vhen to use the formula,* recognize that 
some problesm are Impossible, determine i^ether s(XQe additional Infor-- 
aatlon Is needed, \>e able to use the^fdroula In novel transfer sltua- 



tlons. 



theoretical .competenc^^ ThlB goal Involves deriving the fonaula or procedure 
frcaa nor* basic premises. Generally,' algebraic repijeaentations or < 
gecc^trlc representations are used. 
Table ^2 provldles 'examples of problems related to each of these Instructional 
goals. . * ... ' 

The present paper will focus primarily on the second kind of Instructional 
obJectlvc?~conteptual understanding-^. Techniques coroonly used to achieve, the 
first objective Involve: explicit presentation of tWe formula an^ procedure 
In steps such as a cookbook, providing drill and practice on how to compute the 
cprrect answer, evaluating progress using a mastery procedure. Since the pro- 
cedures for enhpnclng cOTiputatlonal skill aj:e veil known, th^ will not be dealt 
with furtlier. Since the third objective 1* more ft:;equent2y Involved when the 
learner is not an novice, it will not be dealt with. !rhufl,*the rmalnder of 
thlB^saper deals with recotooendations for how to address the goal qf "conceptual 
understanding." ' ^ * ' • 

What can be done to Increase the. understandabillty of statistics .textbooks? 

Below are listed six recomp en d a tions for elthw writing or selecting textbooks. 

niese reccemendatiofaa aar^ relevant. onl^ ^en the instructional objective is 

"conceptual understanding." For each recoooendation, a brief explanation, 
« . 

example, and rationale are given. ^ 



(l) Provide prerequisite Information . • 

^ ^ Explanation , Using standard task analysis techniques (e,g, see Greeno, 1976, 

Risi^lck, 1976)^ determine the concepts^, ideas, and skills that are needed for 

understanding the nev Information* In order to' make sure the learner possesses 

the p^eqtilslte infomation, provide a short Introductory "story** at the bejginnlng 

• ^ ■ 

of each chapter or seclfibn, ?Ehe introductory stozy should explain the prerequis- 
ite information, (Anottier technique is to provide a short test of prerequisite 
knowledge at ^the beginning of, each lesson, then^rofer readers the appropriate 
pages or appendices for Instructlpn that is needed. ) 

arngjle. For exaiaple, for the concept of hinooial prohaMlity, the' leader 

■ ■ ' * ■ 

must have a goqd tmderstandlng of "contoinatorlal analysis" and "Joint probaMl- ^ 

ity," To understand ccQfl>inatorlal analysis, a student sust understand the con^ 

cepts of trial, outcome, sudcess, failure, sequence of outcomes; to understand 

Joint prohebillty,* a student oust understand the concept of prol>abillty of an 

evenst, Ihua, an iptroductory stoiy Is needed that teaches tMs prerequisite 

information. An example is given In Table 3. ' 

Rationale. In a series of experiments (Mayer, SUehl & Greene, 1975; Kayer, 

1975^)9 subjects \rere tau^ basic statistical infc^mrtldn such as hov to use 

the formula for binofoial probability. Scoe subjects ve^ taugfllt In a vay that 

eDg;>ba8ised conceptual .understanding vhile others vere t4u^ In a that 

eB5>hasized following the steps In the formula Uke a cookbook. All subjects 

were given pretests for prerequisite concepts such as Intuitions about probability 

and combinations, ^itUde-treataeht Interactions (AITIs} vere obtained in which 

subjects given conceptual inrtructioa performed better if they possessed appro* 
* ' , • ' • » • 

prlate prerequisite Ideaa, Inxt eiibjecto giyen cookbook InBtmctlon pqffonaed 
4u8t a« veil "with hleh M^vlth lov levalf of prerequisite ideas. Slnllarlor, la 
other studies subjects vere either given pr^trtlning in prerequisite ideas or not. 
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The performance of subjects given conceptual Instruction vas aldM by this pre* 
training but eubjacts given cookbook instruction verp not as strongly influenced 
pre^tralnlng, Ibus/ there is evidence that vhei^ conceptmaL understanding is 

• . \ 4 t 

'» i * t 

the ^oal of instruction^ stildeiits should ^Bsess the appropriate anchoring ideas 
prior to it^truction« It mst be ^ted that students vho scored lov in pre- 
requisite knovledge actually learned jnore froca a cookbook approach than from a 
conceptual approach, while students vho scored high (or, were given pretrainlni^) 
in prerequlaite knowledge learned niore from a conceptual approach than a cookbook 
approach. An iioplication is that If a, conceptual approach is going to be used 
In a text^k then it is Important to present the specifically relevant pre- 
requisite infprcoationi 

(2) Befgtn vlth a concrete^ familiar model. • . ' . , 

Explanation. Begin by^ building on knowledge that the learner alretidy is 
famiUnr^th^. Select a concrete situational example that is analogous to the 
formula or procedure. The text may even suggest a manipulative that can be built 
Iqr the learner using single materials. ' 

Scample, For exa m p le » in the blncmlaX probability lesson, separate models 
may be needed for combinations and Joint probability. For ccmbinations, a concrete 
familiar situation invoiy.es, the problem of hov to seat a certain number of guests 
at a dinner table, Hhe n»9^)er of^ ava;Uable seats is analogotis to the number ot 
.trills (|f)» and the number of guests is analogous to the number of successes (r). 
Asking, "hpw many ways can you seat 3 ppppla at a te})lc for is analogous to 
asking^' ''how n^axy irayp can you have 3 successes out^of k trials/* Table I+a prcU 
vides an e^^az^pl^ tText. * . . 



Rationale* The me of concrete advance org^knlzers and manipulatlves 1^ 

science and mathematics prose has' been BubJecte^;to Intensive study (see Mayer, 

1979a, 1979b for rcvlewa). In a typical study, Subjects read a text passage on" 

computer programilpg* Some subjects received a one page Introduction that pre- 

aented a concrete model of the cozaput^, shoving memory as an' erasable score- 

board, Irgnxt as a ticket vindov^, output as a message note p^, and executive 

control as a shopping list* Subjects who were given .the familiar model prior io 

reading the lessor performed better on solving transfer problems while those who 

were not given the- model performed best on retention of the simple facts In the 

booklet* The results of series of studies Is consistent with the Idea that the 

model serves as a context to which new formal or technical Informatlbn can be 

* * H 

&slmllated« Ihe role of concrete models in Izqproving transfer performance has 
K lx>ng bee.n acknowledged in mathemat^s education (Browell t Moser, 19l*9, Wtertheimer 
1959)7^ 

^ '(3) Sequence |from the- familiar to 'the formal ^ ' ^ 

Explanation^ Do not provide a formal statement of the rule Qr the computa- 
tional steps in the procedure \mtll you have given a conceptual explanatloa 
using the concrete ;aodel* Vhen the fonoula is given, it should follow the con- 
Crete codel and be related to it* Thus* the lesson' should move, from the fam£llar# 
and concrete to the formula rathervthan the other way around^ 

Exaipple* Fbr exangple, in teaching the concept of combinatorial aiiolysis, 
the table sitting bodel should come before the Itormula^ Ihe' example in Tdble ^b 
shows hov the formula is given ^ a suzanary or aeacxdptlon after a conceptual 
* explanation has been provided^ 

Rationale > In a series of experiments (Mayer & Oreeho, 1972; Mayer, 197i», 
1975a), Subjects read a lesson on blnOQial probability « Fbr some subjects^ the 
lesson began with a statement of the formula end a list of cooiputatlona^ steps as 



In a cookbook, with concepttial jlnfonnatlon , presented after coiaputatlon with the 
foraxula had heen empbasiaed, For"other subjects the, lesson began with a ' 
description of the concrete^ fanlliar concepts iand fcxiilt \ip to the fommla^ only 
stating the formula after it had Been explained in English. 'Both booklets pre- 
seated the saae baeici Inforaatlon and exaniples^ ^only the sequencing and ezophasls 
differed. Subjects given the fonaal-to-famlUar sequencing performed best on 
solving problems like those given in the lesson~i*e* on fast and accurate 
application of the fq;rmula. Subjects given the familiar- to-formal sequencing 
performed best on solving creative transfer q^iestions and on recognizing un- 
answerable problcns* Urns, there was ^ consistently obtained pattern, in which 
the fpalliar-to-fbraal sequence linproved transfer perfomance while the fonna).-to- 
faoillar sequence improved retentioiL . ^ * 

(U) Maintain a balance between cocgnitatlonal and conceptual questions 

Explanation , Student^^ look for cues^ in the text for what to pay attention . 
to. If the text esg^hasizes the foroula, eltA gives xaaoy jkractlce px^blesi^ that 
Involve cofQputlng an ansifer using the formula^ the student will aosume that the 
goal of Instruction is ccnputa^onal proficiency. ' If the text emphasises 
questions on conceptual understanding as well as strictly cceqmtational questions^ 
the learner will direct bia/her attention to more portions of the^cbct, / Thus, 
, the text should include a variety or adjunct 'quesions* rather than eo^haslze . 

only caaputation questions. . 

1 * ^ 

Example* Table 5 prqvidto soae exaople qtestlons that zaay be Inserted in 
.the text for binoalal probability* or given at the start of the tdxt as a sort' 

J ^ T >i P 

of ^^instructional objective*" Some questions focus on cbcQ^utatibn and some 
focus on verbatim. definltlbnsT' and some focus ox^ j::0lating the formula to familiar 
knowledge* * , , * , . ^ 



* • 7 

' \ • * V ^ 

Rationale. In a series of studies (Mayer; 1975b), we asked students to read 

an 8-lesson sequence on ^probability theory and 'combinatorial analysis. After each 

^of the first* sl|r lessons, subjects received questions that asked for cjwiiputlng 

a numerical anctv^t usln^ the formula ( confutation ), giving a verbatim 4eflnltlon 

from the text (definition), or relating to a concrete model that was givemln the 

text (model) • Althoxjgh subjects received only one kind of question for each of 
« • ^ * * 

the firstjpSl^ lessons, they were given all three types of. questions for the 
material In lessons 7 and 8. The students who expected computatlOA questions or 
definition questions performed well on what they expected but not on other types 
of questlcfas,' the subjects who Expected model questions performed well oh all 
types of questions • Hie same result was obtained when the questions were given 

♦ « 

before each lesson as an instructional objefctive* Apparently, adjunct questions 
and behavioral objectives may serve to direct the learner's attention—eithey to 
focus on how io use the formula or to,,,gggc^qptual information ^hat explains the 
jmderlying ideas"* ' . ' 

(5) Provide many detailed vorked->out examples of good solutlno strategies 

f ^ Ebcplanation . Once the text has presented the prerequisite information, the 

conc^ual model, and the formula, it is time to provide practice in how to solve 

pfob3»ems* One way to allov the learner tp develop sense of elegance and style 

in Splvlng statistical .problems is to provide many worked out examples. The 

examples should be^pa^ov^ded in sufficient detail for the student to see every step 

and Ydiat each step means. Iliuff, the worked out examples should shoif the strategy 
* 

that a good statistician goes tbirougb. Including commentary, rather than CTpha- 

• **' • ^ 

sizing ttie, final ailswer. Worked out exaiz^les give the reader a chance to sefe the 



relationship. between problems and solution" strategies. * ' • ^ * ^ 

Example , i Tab^e 6 pirovldes oome worked out examples for^the binomial prctba- . 
billty lesson. Sooe probl^ ahow how to use the formulc^ efficiently, others show 



hov to ansvei: other kinds ot queations. Students should try a problem, and then 
^ coapare his answer* to that of the "expert* V, • , , • ' , ' 

Rationale > Recent research (Larkl|f>^>IcDlsrznott, Slron & Slinon, 1980) suggests 
that there aro zaajor differences hetveen the strategics that experts ana novices 
use to solve pfaystcs prohlema* .In ccoparlng ei^rt and novice problem solving, 
Simon ^1980) has suggested that e3^>ert8 are more effective hecatise they, have 
l>een expoied to many problems* Thtis, one factor In developing expert solving 
problez^s Is to see lots of vorked out problems* A second factor that enhances , 
expert-like problem' solvihg Is learning of general problem solving sklUs. For 
example,' Schoenfeld (1979) vas able to teach heuristics^ for solving aaj^ematlcs 
problems to students' by explicitly stating the strategy and giving, examples. 
Similarly 9^ in a -classic study Blqoa 6 BrOder (19?0). improved i>erformance on 
problem solving tests by having novices observe the^ pi'ocess that .ea^erts go 
through In .solving inroblemff* Qius, there- is some evidence that practice in 
seeing examples wrked out experts can 1b(e useful in learning exper^ problem ^ 
Tiolving. , - - , ^ ^ 

* • * 

(6)' Qive explicit training la representation a^d categorfCatlon of problems 
* • ^ «. • 

' Explanatlbn . Haaiy of fhe dlfflct^tles that stu^nts «^erience In solving 

'stoxy problea».of all kinds. Is an Inability to kn^ vhat to do. ' Insplte of cqd- 

. ' - ' ' / i ■ 
ptztatlonol profiQloicy, students are*often "sttxck** ilfien asked to solv^ sl^ory 

problems. i^Flrat, explicit instruction msy be given for categorization of problems, 

t&e distinguishing conditf(^ for the ute of each fotmula (or test) should be 

clearly stated, and readers should be given practice in "pattern matching" ^ 

between problems and ^j^roprlate statistical tests. Second, explicit instruction 

may be given for how 'to represeh* problems; stibjecis need training in how to find 

the key variables in a story problem. . * * . * 



grmple * Aa an exasiple, Itf^ consider hdv to teach a^)ox;fc categorization and 
representation of blnocnldl probabUlty problems « ITable 7a shovd soae possible 
training on hov to categorize, the distlngulBhinig characteristics of blncoial. 
probability. Joint probability, and conblnatlons problems are given. The reader 
l6 given pattern matching pxactlce In vb'en each formula Is relevant (and not 

]?elevaiit). Ihble 7b ahovs soz^e possUbltf training on how t$ .represent a' story i 

• -i' • 

the leamto must find the key variables In the problem and fit the value^s Into » 

an equation* f ^i*^ * - ' 

. Rationale , Becent research by Eayes and his colleagues (Blnsleyp Hayes & 

Sljapn, 1977; Hayes, Wat^inan & Robtnqpn/l977j Robinson f Hayes, 1978) suggests 

that^studenta are easily able td read a story problem ,aod dlasslfy it by type,' 

Many apparent diff lcultle3 occur becat^se student^ have classified a probl^ a^ 

one type when it is really another « Recently, Hayer (1982) has developed a 

taxonomy of over IpO different basic types of algebra story problops. Apparently, 

subjects use certai;i^ues from the problem to deterznine vbicli "f^nm|||i*' is ^ 

relevant^ In another line of studies, Bobrow (1968) developed* a computer program 

J* 

that. translates story problems into equations. More recently, Mary Jobhson tiA I . 
have explicitly taught the stepp that the prpgram uses to human subjjects, explicit 
training increased the translation performance of lov ability subjects but jiot 

high ability subjects* Thus\ therb is evidence that students may tieneflt from 

» * ' * * 

training in hov to categorize problems (l,e, hov to determine vhlch. formula is 

relevant) and how to translate prol>latuk (l*e, hov to find the values for the key 

* • ' * 

variables)*, 

^e six suggestiona given above ore not fool-proof guidelines based on solid 
research support • Rather, they ai'e "etate of the art** propoeals that require 
furthj&r testing and reiln^aent. Certainly t the experience of the, textbook, author 
{w selector) must be used in conjunction vith any set of recos^nda^^ions* 1 



However, I hope that research will continue In the area pf textbook design > and 
that these recocsoendatloni^ vl^^ stlmilate further lioprovements in statistics 

* y ^ ^ . . ^ . 

textbooks, tfakt are used' In oitr nation *s^class;*00Q^, Is, * 

• V * ^ * 
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'The Formula for Blnooial Prob&blUty 



vbere P(r/B) stands iTor Mnoolal prol7aMll^> B ^ 

stands for jtuiaLbexv of trials , r stands for nuniber 
> * • ■ 

of successes » and p stands for pirobablllty of 

success. • ^ 
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• . * Table 2 

Quertlona for ^ee, Kinds of Instructional Objectives 



4 ' ' . 

Procft^urtl Sktll 

If « • t * 3, p » .2, use the-tormula to find P(r/H), 
Conceptual Understandlnj^* 

Suppose that two people out <?f- every nine In a certain town like 
JobzlVayue sovies* If^a saii^le is taken* what is the j^bability 
that two pe<4>le in tihe'saaple, like John Vaarne movies? 
^(itot anflTkferable) 

' Is there a dl^Tference between the probability tllat two dice ^ 
^rolled at once both com up 6 and the probability that one 
die rolled twice codes up 6 both timest 

^Pieoretical Cocgaetence ' ^ , 

Derive the fomila for nuniber'of coe&inatlbn«,^-£l« 



' ' ■ Table 3 
» ^ ' Inix^Qductlon to Som Prerequisite Concepts 

. Tvo in^rtatrb dbncepts are trlip^ ezid otrbcooies* A trial Is something 
ve'dq. Ihe outcccae of a trial' la Juat vhat happens on the trial. Usually 
there are several poas'lble putcooes of a trlali > 

^ For exasq^le, loaglng^lling a dle> -Rolling the die Is a trial. 

'Hio possible out^cooed are the nuzzibexs 2, 3» 4» and o« The number 

that comes \r^en roll the die la ealled thq outcoaoe of* the trial* 

Another is^ortast concept la success* We define e^succesa as one or 

sore of t&^ possible aiztc6caea« Then If one of tIAse outcooes occurs , Ve 

have a aucceaa* • • y 

In rolling a, dl'e ^ could decide to define success as rolling a 5 
*^ ' « * « ^ « 

or & 6« men If- 5 or 6 comes- up , a success has occutred. 

Ve^ can ^flne success In different vajrs* A success might be rolling' 

even number* %en if j^he Qiktcoete is* 2, or 6 ve^have a success* 

Or & ^cess al^t l^e'not Then success outcccnes are 1> 2>' 3> ^» 5i 

1- • • ^ ^ . 

*and 6* " - ' ^ ' ^ ' . 

^ nie next con^epd^ to l^am Is the probability of success*. The 
^ • >^ , \ 

probability of success is the proportion of trials on vhlch a success 

vould occur %t there vefte a large m^er of triaJLa. For example , if a 
> % \ » - 

success is an'outocoe of 5 or € in rolling a die* then the probability 

of success is 1/3* ^s is so b^cax^e ve eypect a 5 or 6' to cone 

.on abo^t one-third ot the tines the die is arolled* 

In other vor^ds» the probabilA;ty 6f a success is the number of 

. iiuccess outcooaei divided by tke totals number of ou^cooes (including 

•^ »» It 

success Vxttcbefes} If all th^Jj^Mcnes have an equal chance. If «a success 
is 5 or 6 and. ail tiie,:|^sslbl«^\ttcciMS*have an equU. chance , then 



^ . Table 3 (cont.)' - 15 

probablUtj of success Is 2/6 or 1/3 t^ep&use* there ai:e tv^ possible outcomes 
vl:th six outcocaes In all. » 

On the other hand» a failure o<;cur8 vhenever success do^s not occur. 
Por exazBgleg If ve soy a success Is either of' the outcomes 5 or 6 In 
'foiling a diet then the outcoos 1» 2, 3» or ^ could be a failure. The 
pro^«J)lilt7 of failure Is: Prt>lttblllty of success subtracted from one. 
If success is rolling 5 or 6, probability of success is 1/3 a^id probability 

if faUure i» 2/3. , ' ' 

' ' ' ^ ' ^ 

Ihe next conccrpt to leartf is a sequence* A sequence is ^itJ^X happens 

irt»n ve conauct several trials,^ one after the other . Suppose each trial 

is rp niri g a die and ve define a swscess in some vay. If ye roll the 

die fiTe tixaes ve zKLgbt obtain the' sequence (failitrey failure » success » 

« * ; • , • • 

failure, success), or apre sisq^3y (F, F, S, F, S). j 

W sequence has a probability* ^e probability of a sequence Is 

the product of the probabilitieS/Of the individual events. For example;- 

If probability of success is 1/3 » then the sequence (success^ failure , 

success) has probabiliHy {l/3)x(2/3)x(l/3) • 2/27. She sequence 

/ • * ' 

(P, P, s; S, ?) has probabiUty (2/3)x(2/3)x{l/3)x{l/3)x<2/3) « «/2l^3' 

- . * " 

' We let th^ nuober of trials in a. sequence be syzabolized by the * 
letter^ R and the nwber of sjacce»es in« those trials is called. R. Obe 
m2nber#of fiilures^ls K-R. . • • ' 

^ H • mtaiber of trials ^ . * \ ' 

,R C[UB^ber of successes 
. ^ I^-R » nxntber of failures 
For axiaplei in^e sequence (S, s)' there are thne trials and tvo 
successes* Therefore; K«3» R « 2| and H*R « 1. ^ 
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Table " ' ' 
A tbnbrete Model for Coablnatlona * * ^ 



^i^jpoae you vanted -^o ee^t 3 elves at a- tdble jset-'for 5 people. 

I ' ' ' 

Eov maoor vajrs can you eeat then (assioaing that aUAelves.are ldentlcal)f 

You can think of this prohlem as'l^eglnnlng w/th 5 spaces. 

• . • o o o o. o 

One elf can go In each space. Hie first elf ihat Is seated* has his choice 
of five different spaces* Let's sey Ee Is seated In sedt 5- 

O O O ^ O 

Ho Datter vhlch seat Is chosen for the first elf, there are four ^sslhle 
seats left for you to put the sbcond elf* Let's ssy you pick .the third 
space* 

. b. "O. '--.O @ 

• ■ •■. , * -f^--- at 

^ • I 

Alid no matter vhlcUl spaces you choose for the first two elves, there are 

. I 

three spaces lett to put [^e l4bst' elt* Let^s soy you picked the second 
seat* • i ^ , 

d ' @ @ ■' o '@ 
, . - --j, £3 Bz • el , 

^e seg:aence of alves at the table Is: . . « . 

Ti»B yields one possltile sequence cx^3 elves In ? seats. . Hotlce that 
there are 5 t)os^hla first cbolcea and h possible second choices and 3 
possible thljrd cbdlcett yielding 5 x J* x 3 or 60 orderlngs, ^ 



Table Ifa (cont.) . ^ 

' But valt a nlnute— since iOT elves are identical .there coidd be 
several Vaytf to generate each setxueuce* For exa2i5)le, xEExE could W 
generated as -xZ^^.^ or E^^SgE^ or xE^E^xEg or xE^E^xEg, etc. There are 
3^2x1 vajrs to arrange three elves in three s eats so whichever three 
seats are selected there vlll be 6 dt^Ucattfs, Tb cooipensate for all ^ 
these duplicates, you laust divide orderings bj^the^ number of duplicates 
or Mch, «cquoneo — thus* the number of ccoblnatlona is 60/6 «*10. 



> . ^ la 

- - ' _ • ' Table l#b 

Relating the Model to the Fomwla 

4 ^ f 

^let*? sajr that the numVer spaces at the table is H and the number of 

■ ■ 
4 elve© ifi B. Thuss in the abov6 exanple H « 5 and R = 3* Tb find the 

nimber of orderings ve ntultiplied N(H-l)(K-2) or 5 x It x' 3. The general 
. formula for this Is: 

Reaember th^ I netms "factorial". 51 = 5xl*x3x2xl and (5-?)! ='2! =2x1 so 

We nust also divide by the nunber of duplicates. This corresponds 
to the nuBfber of vays 3 ^ves can sit in 3 places or 3 x 2 x 1. ' The ^ ^ 

general formula for nuaib^r of tiuplicates. is Rl . Thus the formula for 

/ A* 

nmber of^ combinations is: ' , ^ * 



Combinations 



{K-^} I (Rt) 



rrhua, for the elves pro^Jea N f 5 and R = 3 so combinations « ffrr — 
or 5xJ*xJ/3x2xl or: io>^ 1 

The formula is Just \a short hand,Vay \fy tell about ^number of first, 
second and third choices ^d~the nveaber of duplicates. 



Table 5 * : • 
Etaniples bf Thred Kinds of Adjunct Questions 



Computation 
♦ 

H 4=- If, R s 2, Find C(H,R) 



Definition 

■ I 

Write the formula for nwaber of cooblbatioxis. 

Jn one sentence, write the definition of nxxnber of ccnblnatlons. 



Model ' . ■ , • 

Suppose I pick five cards ftron a normal 52-card deck, with replaceoent, 
and exactly three of the cards I picked are red. Draw a picture to relate - 
^ this problesa to a situation in which a certain number of people will be 
, seated at a' table set .for larger number of people. How many first choices 
are. there? HoW many* second choices? How many third ch^es? 



• - • % 



4 t 



V 



I 



1 



J*: 
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Table 6. ' ' 
Worked Oat Ebcajzrpl^ ' 



ftoa^s .Problem 



H « 3, R » 5, T>'« 1/2 ' 



What Too Said 

1. First, fll try to think of a real^ltuatlon that corresponds 
to this problen. I^et's say I 'am fli^i^lng coins. v 

2. 1*11 say J? refers to the probabl^-lty of "heads" coming up 

on a flip* • . " * p 

3* Then> B refers to the nxnaber of tiaes^I flip the coin, 
vWch is 3* \ •< . * ' - , 

\. And R refers to thb n^zzI^ber of tliaes I get a hea^to come 

if ■ f * • 

tip on the coin., That happens, 5 times. - 

^. Bey, valt a olnute* That cannot be right • Bbv can the number 
*of ^successes (5) be »ore thaa'the numbeit of trlalsJLS^ This I's,.^ 
J^trlck probleml ^ ' 
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Table 7a * • - 



• l(oftlon of a Section* on Training Categorization Skill ' ' > 

/ A * • » ' 

. |( • / . ■ * • 

Deflnltlona' 

i - , \ " 

Blnoalal ProbablUty Is the probability that you obtain R successes out of H • ' 
- trials. The problem nust give a value for p (the probability of succfess), 
a value for R (the number of successes), and a value for IT (the number 
°* l^i^^'' problem must ask for a probablllty— naaelv the proWlllty 
pf tbTB* general outccaae-'. ^ ■ • ^ 

^ Joint ProbabUl'tjr Xb the probability that you.obl^n a specific sequence of R 
\ successes in H trials. The problem must g^e you a value for p (the 

prpbability of success), apd a specific Sequence of successes and failures^ 
Th6 problem must ask for a probabiUtv-nameiv Ue probabilitv of this one 
specific outcome. • ^ y 

Combinations is the number of ^different ways you can arrange R identical 

J*"? ^Ht' '^^ ^^^^ 4^^' K (number of 

^ . trials; and for R (the number of successes). The problem must ask you 
for a ^^-naaeiy how jiaijy different combinations there are when you 
don't wfent to congider d\^licates. ' . 

Problems ' . ' • • ' , ■ ^ 

For each problem » f in the space with a.B (for binomial pi^babillty), J (for ' 
Joint probabil±ty>,-^(foi' combinations )' or X {for none). ' ."^^.'Z ^f""" 

* ^ ' ^ 

: 1^ ^^J^ ^^"^ ,?^*Pf ^ ^ as blu4s. Vh\t is 

, • the probability of picldng I* reds in a row and then one blue? 

A die is rolled- six times. What is the probability of evens coming, up 

twice as many times jb^b odds? ' ' - ' . ' ^ 



tSjen a die is rolled four flmps, what Is the probability of the setmenc'e- 
; jjuecess, success* failure, failure? / BC4«eiice. 

Je-tenth of the peanuts In a barrel are rotten. IfVou take five peanuts. 

. wbjt is the probability that the first four are good and the fifth one is 
rotten? , 

\ ■ ' ' 

It a "fair die is roUed I* times and the number of successes equals half 

the number of trials, how many different sequences could be generated? 



Answers 



J, B,, X, J, C _ , ' ' . ' ^ * ■ 
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liortloD of a Sectlob pn Training Tremslatloif^Sldll 
« * * * 

NT \ 

^ Defioltlona ' ^ ' . 

— : « ^ • ' ^ ^ 

Uxe aain variables are: ■ ••^^ * , 

* - ■ » 

H w nunber 'of triala * 
^ R • nxanber of succeaaea - , ' ' , 

p P iSr^ability of aucceas 

< ' ' ' . • ■* * * 

Probleaa , . ^ ■ * . 

For each problem liat the values for K, R and p that are given* 

A coin Is. flipped six tljoes, <^ving a sequence of heads and tails. 
How many different sequences contai^ff two heads and f^ur tails? • 
V^'^ > R » ' . v*' . 

If a dte la rolled 100 tia^-'and^jBuccess is definted;i» 1 or Zy does the 
ninaber of possible sequ^ces vltb st^cesses equal the nuciber of possibJ^e 
^Sequences with-feT failures? • . . s ^ ^ 

VetiM a success at^rqlUng a 1 or ^ on a die* If tb6 die is rolled five^ 
tlxoes , ^^t is the probability Jthat there^ i£re successes on exactly two of 
the trials? • \ " 

^R*- (?p« ^ 

A die is rolled six tloes; What is the probablll-^ of evens coming tjp twice 
as inany tlaes as odds? 

H « , ^ » ^ p «» 



. Answers 



. ^ H » 6, R » 2, p « 1/2 
H • 100, R « fc7, P « 1/3 
H f 5r R " ^> P 1/3 
H * 6, R » fc, p » 1/2 



